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ABSTRACT
Gaussian process (GP) is increasingly becoming popular as a
kernel machine learning tool for non-parametric data anal-
ysis. Recently, GP has been applied to model non-linear
dependencies in time series data. GP based analysis can be
used to solve problems of time series prediction, forecasting,
missing data imputation, change point detection, anomaly
detection, etc. But the use of GP to handle massive scientific
time series data sets has been limited, owing to its expen-
sive computational complexity. The primary bottleneck is
the handling of the covariance matrix whose size is quadratic
in the length of the input time series. In this paper we pro-
pose a scalable method that exploits the special structure
of the covariance matrix for hyper-parameter estimation in
GP based learning. The proposed method allows estimation
of hyper parameters associated with GP in quadratic time,
which is an order of magnitude improvement over standard
methods with cubic complexity. Moreover, the proposed
method does not require explicit computation of the covari-
ance matrix and hence has memory requirement linear to the
length of the time series as opposed to the quadratic mem-
ory requirement of standard methods. To further improve
the computational complexity of the proposed method, we
provide a parallel version to concurrently estimate the log
likelihood for a set of time series which is the key step in
the hyper-parameter estimation. Performance results on a
multi-core system show that our proposed method provides
significant speedups as high as 1000, even when running in
serial mode, while maintaining a small memory footprint.
The parallel version exploits the natural parallelization po-
tential of the serial algorithm and is shown to perform signif-
icantly better than the serial faster algorithm, with speedups
as high as 10.
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1. INTRODUCTION
Gaussian process (GP) [14, 15] 1 is increasingly becoming

popular as kernel machine learning tool for non-parametric
regression and classification [10]. If the time indices are used
as the inputs, one can use a GP as a forecasting or prediction
model for time series data [1, 8, 2]. Besides prediction, GP
based models can also be used for other time series analysis
tasks such as change detection, anomaly detection, missing
data imputation, noise removal, etc.

While GP has emerged as a popular learning method, its
application to large scale data sets has been limited owing
to the inherent O(t3) computational complexity as well as
O(t2) memory storage requirements, where t is the input
data size. When dealing with time series, t is the length of
the time series, which can be large (and growing) for applica-
tions such as remote sensing, astronomy, electro-cardiograph
(ECG) analysis, etc. For example, remote sensing satellites
are continuously collecting data at global level at high tem-
poral resolution. For each spatial location, the length of the
time series is continuously growing and hence standard GP
analysis methods cannot scale to such long time series.

The computational bottleneck for GP based analysis is
further compounded by the fact that often one needs to si-
multaneously handle multiple time series, for example, mul-
tiple remote sensing time series collected from a spatial neigh-
borhood. In the case of remote sensing, the number of time
series in a spatial neighborhood are ever increasing with the
spatial resolution of the satellite instruments. The standard
GP analysis methods have a O(pt3) computational complex-
ity and a O(t2 + p) memory footprint for handling p time
series simultaneously. While multi-threaded or parallel pro-
gramming can alleviate the issue of handling p time series
simultaneously, the quadratic memory requirements are a
significant bottleneck, especially in emerging heterogeneous
computing architectures, hybrid of multi-core and Graphi-
cal Processing Units (GPUs), in which movement of data is
expected to be the biggest computational bottleneck.

In this paper we exploit the special structure of the covari-
ance matrix associated with the GP analysis to make the al-
gorithms scale to massive data sizes. We make use of several
1Henceforth, referred to as GP.



existing results derived for matrices in mathematics litera-
ture [9, 17] and extend these to adapt them for GP analysis
for time series. We present an algorithm to compute the ex-
act Marginal Log Likelihood (MLL) and the derivative of the
MLL, which are the key steps in estimating the GP hyper-
parameters via gradient based optimization. The computa-
tionally complexity of the proposed algorithm is O(t2) and
requires O(t) memory. We also present a parallel version of
the algorithm to simultaneously process multiple time series
to compute the MLL and its derivatives. We present results
on artificial data to demonstrate the speedups achieved the
proposed algorithm running in serial as well as in parallel
(multi-threaded) mode on a multi-core system.

2. RELATED WORK
As noted earlier, GP based methods typically scale as

O(t3) with the size of the input data with a memory require-
ment of O(t2). This makes them impractical in domains that
encounter massive data sizes such as remote sensing, ECG
analysis, etc. Several approximation based methods have
been proposed in the literature [19, 5, 7] to scale GP to such
large datasets (See [15, Chapter 8] for a detailed overview).
These methods fall under the general purview of sparse and
approximate kernel methods. All of these methods use ma-
trix approximation techniques to efficiently manipulate the
covariance matrix (inverse computation, Cholesky factoriza-
tion, solving system of equations). Several papers [19, 5] ap-
proximate the covariance matrix using lower rank approxi-
mation techniques, such as the Nyström approximation, for
faster but approximate results. Several papers have used
a “subset of regressors” approach [16, 7] that uses only m
out of t regressors and hence entail O(m2t) complexity. In
this paper we focus on scaling the GP analysis such that we
obtain the exact solution and hence we do not compare our
approach to the existing approximate methods.

While scalability has been a key issue for data mining
applications, only a few existing techniques make use of
the available concurrency from high performance computing
hardware and software to address this issue in the context
of GP analysis. Keane et al [12] proposed a data parallel ap-
proach for likelihood estimation in GP regression, but their
method estimate the log likelihood locally, and hence the fi-
nal outcome is not guaranteed to be the same as a sequential
algorithm.

In this paper we make use of the fact that the covariance
matrix encountered with GP for time series is a symmetric
Toeplitz matrix and hence several solutions that have been
proposed in literature [9, 11] can be utilized to make the
hyper-parameter estimation algorithm computationally as
well as memory efficient. Specifically, there have been many
O(t2) algorithms developed to invert a Toeplitz matrix as
well as solve a Toeplitz system of equations [17, 13, 6]. We
adapt the algorithms by Trench [17, 20, 21] for the problem
for scalable hyper-parameter estimation as its stability has
been well studied in literature for large Toeplitz matrices [3].

3. BACKGROUND
In this section we will provide a background on Gaus-

sian process based learning and its application to time series
modeling. We will then provide the algorithm for computing
the marginal log likelihood and its derivative with respect

to the associated hyper-parameters for a given set of obser-
vations.

3.1 Gaussian Process
A GP is a generalization of a Gaussian distribution and is

defined as a collection of random variables, any finite number
of which have a joint Gaussian distribution [15, Chapter 2].
A GP describes a distribution over a (potentially infinite) set
of functions and is completely specified by its mean function
m(x) and covariance function k(x,x′)2:

m(x) = E[f(x)] (1a)

k(x,x′) = E[(f(x)−m(x))(f(x′)−m(x′))] (1b)

where x is an input or index belonging to an input or index
set X . Typically the mean function is taken to be zero and
the GP is written as:

f(x) ∼ GP(0, k(x,x′)) (2)

Thus the above GP is a collection of random variables, where
each random variable is the value of function f(x) at location
x. When dealing with time series, the index set X is the set
of time indices {1, 2, . . . , T}, though a GP can be defined for
more general forms of inputs such as <D. For this paper,
since we are dealing with time series, we will replace x with
t to denote time. The covariance function k defines the
covariance between the function values at two different time
points:

cov(f(t1), f(t2)) = k(tt, t2) (3)

Typically, a covariance function is specified using a set of
parameters Θ, these are considered as the hyper-parameters
for the GP. For example, a widely used covariance function,
called squared exponential (se), can be written as:

k(t1, t2) = σ2
fexp(−

∆t2

2l2
) where ∆t = t1 − t2 (4)

3.2 Prediction Using GP
For GP based regression, it is assumed that the actual

observations yt are noisy versions of the function values f(t)
and the two quantities are related as:

yt = f(t) + εt (5)

where εt is a noise term that accounts for the noisy compo-
nent of the observations. Traditionally, εt is assumed to be
a Gaussian noise term ∼ N (0, σ2

n), ∀t, though we propose
an observation dependent covariance structure for εt which
is better suited for handling periodic time series data. For
now, we will assume that εt ∼ N (0, σ2

n), ∀t.
Given a noisy set of observations yt−1, the GP prior on
{f(1), f(2), . . . , f(t)} (see (2)) and the relationship between
yt and f(t) (see (5)), can be used to make a prediction at
time t. The advantage of GP is that the prediction is not
a value but a normal distribution ∼ N (ŷt, v̂t), where the
predictive mean ŷt and predictive variance v̂t are given by:

ŷt = KT
tt−1(K(t−1)(t−1) + σ2

nI)−1yt−1 (6)

v̂t = k(t, t)−KT
tt−1(K(t−1)(t−1) + σ2

nI)−1Ktt−1 (7)

where K(t−1)(t−1) is a |t− 1| × |t− 1| kernel matrix such
that K(t−1)(t−1)[i][j] = k(i, j). Similarly, Ktt−1 is a (t− 1)
length vector such that Ktt−1[i] = k(t, j).
2In this paper we will denote matrices with capital letters
(K), vectors with small bold letters (x, si), and scalars with
small letters (t,xi).



The marginal log-likelihood of yt, denoted as lt, can be
calculated as:

lt = log p(y|Θ) = −1

2
yT(K(t−1)(t−1) + σ2

nI)−1y (8)

−1

2
log |(K(t−1)(t−1) + σ2

nI)|

−n
2

log 2π

Equations (6) and (7) allow one to use GP for time se-
ries prediction as well as other analysis tasks such as out-
lier/anomaly detection, noise removal, and change detection.
But as can be observed in (6), (7), and (8), handling the
large covariance matrix, (Ktt +σ2

nI) (henceforth referred to
as K for simplicity) is the key bottleneck for computing as
well as memory resources.

3.3 Hyper-parameter Estimation Using Gra-
dient Descent

The hyper-parameters Θ associated with the covariance
function can be calculated by minimizing the marginal log
likelihood (lt) function in (8) using a gradient based optimiz-
ing algorithm. The derivative of lt with respect to a given
hyper-parameter θ ∈ Θ can be computed as ([15, Chapter
5]):

∂lt
∂θ

= −1

2
yTK−1 ∂K

∂θ
K−1y − 1

2
tr(K−1 ∂K

∂θ
) (9)

The computational complexity of the log-likelihood calcula-
tion as well as the derivative of log-likelihood is O(t3) where
t is the length of the time series y if standard inversion
or Cholesky decomposition based methods are used. More-
over, the calculations require keeping the O(t2) matrix in
the memory.

4. EFFICIENT HYPER-PARAMETER ESTI-
MATION

In this section we will present a scalable algorithm to com-
pute the log-likelihood and its derivative (See (8) and (9)).
For this we assume that the covariance function used in the
GP is stationary and only depends on the absolute difference
between the inputs, i.e, k(t1, t2) = k(|∆t|). Many widely
used covariance functions, such as the squared exponential
function in (4) and Matern class of functions fall under this
criterion.

4.1 Characteristics of Covariance Matrix
We first note that the covariance function discussed above

will result in a symmetric Toeplitz matrix, K, as shown be-
low:

K =



k0 k1 k2 . . . kt−1

k1 k0 k1 . . . kt−2

k2 k1 k0 . . .
...

...
...

...
. . .

...
kt−1 kt−2 . . . . . . k0

 (10)

Moreover it can be shown that such functions result in a
positive semi-definite covariance matrix while adding a σ2

n

noise to the diagonal results in a positive definite covari-
ance matrix. One can straightaway note that K in (10) can
be represented using just the first row (or column) of K.

Algorithm 1 ToeplitzInverseSolve(k,y)

if k1 != 1 then
k← k/k1, y← y/k1

end if
z1 ← y1, g1 ← −k2, λ1 ← 1− k2

2
for i = 1 to t− 2 do
θi ← yi+1 − zi

Tk̂2:i+1

γi ← −ki+2 − gi
Tk̂2:i+1

zi+1 →

[
zi + θi

λi
ĝi

θi
λi

]
gi+1 →

[
gi + γi

λi
ĝi

γi
λi

]
λi+1 → λi − γ2

i
λi

end for
θt−1 → yt − zt−1

Tk̂2:t

zt →

[
zt−1 +

θt−1
λt−1

ĝt−1

θt−1
λt−1

]
return zt

This characteristic straightaway provides a way to reduce
the memory requirements of the algorithms involving K.

4.2 Using Toeplitz Matrix Operations
Several O(t2) algorithms have been proposed for Toeplitz

matrix inversion which make use of the special matrix struc-
ture to compute the inverse [17, 13, 6]. But one can observe
that a direct inversion of the covariance matrix K is not re-
quired to calculate the log-likelihood and its derivatives in
(8) and (9). Instead, one only needs to calculate the follow-
ing quantities:

1. yTK−1y

2. log |K|

3. yTK−1 ∂K
∂θ
K−1y

4. tr(K−1 ∂K
∂θ

)

One can use Cholesky decomposition and solve a system
of equations using the Cholesky decomposition to compute
each of these quantities but that will have O(t3) complexity
to compute the decomposition and O(t2) memory require-
ment for the covariance matrix K.

We will show that each of these four quantities can be
computed in a computational as well as memory efficient
manner:

4.2.1 Computing yTK−1y

Algorithm 1 shows how one can compute K−1y, i.e., solv-
ing a Toeplitz system of equations. This algorithm was orig-
inally proposed by Trench [18, 21] for Toeplitz matrices and
we simplify it for the symmetric case. This algorithm takes
the first row of the covariance matrix, k = {k1, k2, . . . , kt},
as input and returns the solution vector. In the algorithm x̂
denotes a vector obtained by reversing the vector x. A por-
tion of a vector is denoted as xi:j . Note that this algorithm
is O(t2) and requires O(t) memory only.

4.2.2 Computing log |K|
It has been shown that the determinant of the matrix K

can be computed as a by-product of the Algorithm 1 by



Algorithm 2 ToeplitzDiagonalSums(k)

alpha← ToeplitzInverseSolve(k1:t−1,k2:t)
γ ← 1

k1+k2:tα

nu← [γα̂γ]T

for k = 0 to t− 1 do
sk ← 1

γ

∑t−k
j=1(2i + k − n + 1)νiνi+k {sk is the sum of

the kth diagonal starting from main diagonal (k = 0).}
end for
return s

simply taking the product of λis [20], i.e.,

log |K| = t log k1 +

t−1∑
i=1

log λi (11)

Thus log |K| can be computed in linear time without requir-
ing any additional memory.

4.2.3 Computing yTK−1 ∂K
∂θ
K−1y

Algorithm 1 computes K−1y. The vector K−1y can be
multiplied with ∂K

∂θ
in O(t2) time and the resulting vector

can be multiplied with yT in linear time. Note that since ∂K
∂θ

is Toeplitz, it can be multiplied using only one representative
row of the matrix, i.e., with O(t) space requirements.

4.2.4 Computing tr(K−1 ∂K
∂θ

)

Let L = K−1 and P = ∂K
∂θ

. We are interested in com-
puting tr(LP ) = tr(PL) where P is a symmetric Toeplitz
matrix and L is the inverse of a symmetric Toeplitz matrix.
We can write:

tr(PL) =

t∑
i=1

t∑
j=1

pij lij

=

t∑
i=1

t∑
j=1

p|i−j(=k)|lij

=

t=1∑
k=−t+1

p|k|

t∑
j=k+1

lj−k,j

= p0

t∑
j=1

ljj + 2

t−1∑
k=1

pk

t∑
j=k+1

lj−k,j

Note that each summation
∑t
j=k+1 lj−k,j , ∀k = 0 . . . t− 1 is

nothing but the sum of the kth diagonal of L. Given the
diagonal sums for L(= K−1) we can compute tr(K−1 ∂K

∂θ
)

in linear time. An O(t2) algorithm for the computation of
the diagonal sums is shown in Algorithm 2. The proof of
correctness of the algorithm was given by Dias and Leitao
[4].

The computational complexity involved with computing
tr(K−1 ∂K

∂θ
) using Algorithm 2 is O(t2) with O(t) memory

required.

5. HANDLING MULTIPLE TIME SERIES
In many scenarios one needs to estimate the GP hyper-

parameters with respect to multiple time series. Let Y =
[y1y2 . . .yp] be a set of input time series. The total marginal
log likelihood for all time series will be equal to the sum of
marginal log likelihoods for individual time series using (8),

Algorithm 3 GPFast(k, ∂k
∂θ
,y)

K−1y, log |K| ←ToeplitzInverseSolve(k,y)
Compute yTK−1y and yTK−1 ∂K

∂θ
K−1y using above.

tr(K−1 ∂K
∂θ

) < −ToeplitzDiagonalSums(k)

return Compute lt and ∂lt
∂θ

using (8) and (9).

i.e.,

log p(Y|Θ) =

p∑
i=1

log p(yi|Θ) (12)

Same holds for the computation of the derivative of the total
marginal log likelihood with respect to a hyper-parameter.
One can compute these two quantities in a loop using the
results in Section 4 resulting in a O(pt2) complexity. In
order to improve the complexity in the multiple time series
scenario we present a parallel version of the algorithm.

The final algorithm for computing the marginal log-likelihood
and its derivatives for a given time series uses the four quan-
tities computed above and combines them as shown in (8)
and (9). The steps are sketched in Algorithm 3. The al-
gorithm takes the first row of the covariance matrix and
its derivative as inputs. The algorithm assumes that there
is only one hyper-parameter though it can be directly ex-
tended for multiple hyper-parameters.

5.1 Parallel Version of Hyper-parameter Esti-
mation

For the parallel version, a straightforward approach would
be to send the task of computing the log-likelihood and its
derivatives for each input time series, GPFast, to a different
processing unit. Thus in a system with O(p) concurrency,
one can achieve a O(t2) complexity. We further reduce the
cost of the algorithm by noting that two of the four key
quantities required for the computation of the log-likelihood
and its derivaties are independent of the input time series,
and only quantities that depend on Y are yTK−1y and
yTK−1 ∂K

∂θ
K−1y.

In the parallel version, we invoke ToeplitzInverseSolve for
each yi ∈ Y and also compute the quantities yTK−1y,
yTK−1 ∂K

∂θ
K−1y, and also log |K| (as by-product of Toeplitz-

InverseSolve) from the resulting solution. The final results
are passed back to the master node which then combines
these to compute the log-likelihood and its derivatives for the
hyper-parameter estimation algorithm. The master node,
after delegating tasks to the children nodes, computes the
quantity tr(K−1 ∂K

∂θ
) and then waits for the children nodes

to join. The data required by each child node is O(t).
For our experiments we implemented a multi-threaded

(using JAVA native threads) implementation of the paral-
lel algorithm but the same algorithm can be implemented
using MPI for multi-processor architectures or using Map-
Reduce for cloud based computing architectures. The linear
data size required by each child node is especially attractive
for the latter, where the amount of data transferred between
nodes can be a significant bottleneck.

6. EXPERIMENTAL RESULTS
In this section we compare the computational performance

of the proposed algorithm GPFast against a standard algo-
rithm (GPStandard) for computing log-likelihoods and deriva-



tives. We also investigate the performance of the multi-
threaded version of GPFast, referred to as GPFastP. All ex-
periments are done on time series with varying lengths. All
algorithms were implemented in JAVA using the JAMA3

package. The GPStandard algorithm used cholesky decom-
position provided with the JAMA package to solve the sys-
tem of equations and compute the inverse, etc.

All experiments were run on an SGI Altix ICE 8200 clus-
ter called Frost4. Frost is currently configured with 128
compute nodes each having 16 virtual cores and 24GB of
memory, infiniband interconnects, and a gigabit ethernet
network. Each node is capable of supporting 32 threads.
The serial algorithms were run with a single thread while
the parallel algorithm was run on a single node using mul-
tiple threads. We measured the speedup achieved by the
improvements in the serial algorithm presented in this pa-
per as well as by using the available concurrency.

6.1 Performance of GPFast vs. GPStandard

We first compare the performance of the computational
and memory efficient GPFast algorithm against the GPStan-
dard algorithm. Table 1 shows the performance of the two
algorithms on single time series with varying lengths of the
time series. Note that the GPStandard algorithm requires
a O(t2) space in the memory and hence could not run for
time series more than 5000 length. Each data point in Ta-
ble 1 is an average of measurements from 10 runs with same
configuration. Results indicate that the GPFast algorithm

Length GPFast GPStandard SpeedUp
10 3 4 1.33
20 4 7 1.75
50 8 39 4.88

100 16 101 6.31
500 134 1962 14.64

1000 374 25803 68.99
5000 5071 5985433 1180.33

10000 15717 — —
100000 150696 — —

Table 1: Computation times and speedup of GPFast
vs. GPStandard (All times in msecs).

achieves significant speedups over the standard algorithm,
with speedup over 1000 for time series of length 5000. The
GPStandard algorithm runs out of memory for time series
longer than 5000 while the GPFast algorithm has no memory
related issue in dealing with time series as long as 1000000.

6.2 Performance of GPFastP

To study the performance of the parallel version of GP-
FastP we ran it using varying number of threads. We fixed
the length of the time series at 5000 and varied the number
of time series used for hyper-parameter estimation. Figure
1 compares the performance of GPFastP for different num-
ber of threads. The speedups attained by using multiple
threads over the serial algorithm (GPFast) are summarized
in Table 2. For small number of time series, the parallel
algorithm does not provide much improvement over the se-
rial algorithm, but the improvement is clear for larger data

3http://math.nist.gov/javanumerics/jama/
4http://www.nccs.gov/computing-resources/frost/
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# Time Series n = 8 n = 16 n = 32
100 0.29 0.27 0.27

1000 4.33 5.38 6.33
10000 7.38 9.02 9.59

100000 8.92 10.44 11.21
1000000 6.24 7.72 8.60

Table 2: Speedups achieved by GPFastP over serial
GPFast for different number of threads (n). Length
of the time series is fixed at 500.

sizes. The improvement from serial to using 8 threads is sig-
nificant for data sizes larger than 1000, but the improvement
from using 8 threads to 32 threads is not exactly linear. The
maximum speedup of close to 11 is reached when using 32
threads and processing 100K time series.

7. CONCLUSIONS
GP based methods typically scale as O(t3) with the size

of the input data with a memory requirement of O(t2). This
makes them impractical in domains that encounter massive
time series data sizes such as remote sensing, ECG analy-
sis, etc. In this paper we have shown how Gaussian process
analysis can be scaled to handle massive time series data
sets. The proposed algorithms allows computation of the
marginal log-likelihood of a given time series or a set of time
series in O(t2) time while using O(t) memory space. The
proposed serial algorithm GPFast can process massive data
sizes while providing speedups of as high as 1000 over the
traditional serial algorithm. We have utilized several exist-
ing known results in the area of Matrix algebra to design
a fast algorithm that can scale to massive data sizes often
encountered in scientific applications.

The parallelization demonstrated using multiple threads
indicates that GP analysis is naturally suited for paralleliza-
tion and hence can be further scaled by utilizing the available
as well as emerging computing architectures such as hetero-
geneous processing units and cloud computing. The latter
options are well suited for the proposed parallel algorithm
since the amount of data that needs to be sent to the various
computing nodes is linear to the length of the time series.

While the proposed algorithm utilizes the special structure
of the underlying covariance matrix to produce an exact
solution, in future this algorithm can be combined with the
existing work in the area of approximate GP methods to



achieve further speedups while staying close to the exact
solution.
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