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ABSTRACT

Scaling up the sparsematrix-v ector multiplication kernel on
modern Graphics ProcessingUnits (GPU) has been at the
heart of numerous studies in both academia and industry .
In this article we presert a novel approach to data repre-
sertation for computing this kernel, particularly targeting
sparse matrices represerting power-law graphs. Using real
data, we showv how our represertation scheme, coupled with
a novel tiling algorithm, can yield signicant benets over
the current state of the art GPU and CPU e orts on a num-
ber of core data mining algorithms such as PageRank, HITS
and Random Walk with Restart.

1. INTRODUCTION

Over the last decade we have witnessed a revolutionary
change in the way commodity processor architectures are
being designed and implemented. CPUs with superscalar
out-of-order execution, vector processing capabilities, and
simultaneous multithreading, chip multipro cessing (CMP),
and high end graphics processorunits (GPU) have all en-
tered the mainstream commodity market. Data mining al-
gorithms often require signi cant computational resources,
and thus stand to bene t signi cantly from such innovations
if appropriately leveraged.

In this article we develop a novel approach to facilitate
the e cien t processingof key graph-based data mining al-
gorithms such as PageRank [7, 25], HITS [15] and Random
Walk with Restart[26, 30, 31] on modern GPUs. A com-
mon feature of these algorithms is that they rely on a core
sparse matrix vector multiplication kernel (SpMV). Imple-
mentations of this kernel on GPUs has received much at-
tention recertly from the broader sciertic and high perfor-
mance computing communities [8, 2, 9] including an indus-
trial strength e ort from NVIDIA researd [3, 4] { arguably
the leader in the development of GPU technology.

The key di erence between past work and ours is that
here we are interested in the processingof sparse matrices
that represert large graphs { typically with power-law [20]
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characteristics. This di erence is also certral to the specic

architecture-conscious approach we propose for processing
the SpMV kernel. We transform and represert the matrix

in such a way so asto facilitate tiling { a key strategy used
to enhancetemporal locality. Additionally we rely ona com-
posite storage algorithm that leveragesthe skew in the de-
gree distribution aorded by the fact that these matrices
represert power-law graphs. Architectural features of the
GPU sudh asthe texture cache are also e ectiv ely leveraged
in the processingof the kernel.

We presert a comprehensive empirical evaluation of the
proposedapproach on three data mining algorithms and the
base SpMV kernel on a range of real datasets including sev-
eral moderately large graph datasets. We also provide a
detailed comparison with other leading e orts { both aca-
demic and industrial { on this problem. On the core SpMV
kernel we nd that our approach is typically a factor of 2
faster than the next best GPU competitor on matrices rep-
reserting graphs with power law characteristics. This is a
signi cant result especially in light of the industrial strength
e orts spent on this problem. On the data mining kernels{
HITS, PageRank and Random Walk with Restart - operat-
ing on datasets drawn from Flickr, LiveJournal, Wikip edia
and Youtube we nd that our approach is anywhere from
1.5 to 2 times faster than the next best GPU competitor.
To put theseresults in context, our bestresults are 13to 37
times faster than similarly structured and optimized imple-
mentations on state of the art CPUs.

The rest of the article is organized as follows. We rst
introduce the architecture of GPUs and show the limita-
tions of existing works in Section 2. We then presert our
optimization methods in Section 3. Results from empirical
evaluation are shown in Section 4 and we conclude in Sec-
tion 5.

2. BACKGROUND

GPUs have beenused for accelerating graphics rendering
pipelinesbefore NVIDIA intro ducedthe CUDA general pur-
pose parallel computing architecture [17, 21]. CUDA pro-
vides an interface for the developersto program the devices
for general purp ose computations and data intensive appli-
cations. In this section, we discussthe hardware architecture
and the programming model of CUDA GPUs. Figure 1 il-
lustrates the organization of the computing hardwares and
the memory hierarchy in CUDA GPUs.

A CUDA device consists of a set of streaming multipr o-
cessors (SMs), eac one equipped with one instruction unit
and a cluster of 8 streaming processors (SPs). The paral-



lel region of a CUDA program is partitioned into a grid of
thread blocks that run logically in parallel. The program-
mer can decide the dimensions of the grid and the block.
Thread blocks are distributed evenly on the multipro ces-
sors. A warp is a group of 32 threads that run concurrently
on a multipro cessor. The execution of the threads follows
a single instruction multiple threads (SIMT) model [17, 21].
The instruction unit on a multipro cessorissuesone instruc-
tion for all the threads in the samewarp at eac time [23].
The streaming processorsexecutes this instruction for all
the threads in the warp. Dieren t warps within a block are
time-shared on the hardware resources. A kernel is the code
in the parallel region to be executed by eac thread. Con-
ditional instructions causea divergencein the execution if
threads in the same warp take dierent conditional paths.
The threads are serialized in this situation.

There are various memory units on a CUDA device. The
device memory, which is also called the global memory, is
a large memory which is visible to all threads on the de-
vice [23]. The accesslatency of the global memory is high.
Memory requestsof a half warp (16 threads) are served to-
gether at a time. When accessinga 4- or 8-byte word, the
global memory is organizedinto 128-byte segmerts [23]. The
number of memory transactions executed for a half warp
is the number of memory segmerts requested by this half
warp.! The requests from the threads in the half warp are
coalesed into one memory transaction if they are accessing
addressesn the samesegmen. When the addressesaccessed
by the half warp are all in one segmen, this request is fully
coalesed. Each multipro cessoris equipped with an on-chip
scratchpad memory [23], which is called the shared memory.
The shared memory has very low accesslatency. It is only
visible to the threads within oneblock and hasthe samelife-
time asthe block [23]. The shared memory is organized into
banks. If multiple addressesin the samebank are accessed
at the sametime, it leadsto bank conicts and the accesses
are serialized. There are also a set of registers shared by
the threads in the block. The constant and texture memo-
ries are read-only regions in the global memory spacewith
on-chip caches. The programmer can bind a region of the
global memory to either the constant or the texture memory
before the kernel starts.

2.1 RelatedWork

The Sparse Matrix-V ector Multiplication (SpMV) kernel
computes a vector y as the product of a n by m sparse
matrix A and a densevector x. Since the SpMV kernel is
widely usedin sciertic computing, seweral existing e orts
have targeted optimizing this kernel for the GPU [3, 4, 2,
9]. However, none of the above take into accourt the skew
of the non-zero distribution presert in matrices represening
power-law graphs. The performance of the previous work is
low on such matrices due to their power-law characteristics.

Bell and Garland [3, 4] proposeseeral represertations of
sparsematrices on the CUDA platform for SpMV kernelsin
NVIDIA's SpMV library. The compressé sparse row (CSR)
format is widely usedto represert sparse matrices. In the
CSR format, the non-zerosin the samerow are stored con-
tiguously in memory, and all rows are stored in one data
array, with another array holding the column indices of the
non-zeros. A third array of row pointers marks the bound-
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ary of each row. The corresponding CSR kernel from Bell
and Garland [3, 4] assignsthe computation of each row to
a thread. With power-law graphs, it is possibleto balance
the workload among thread blocks, but it is hard to bal-
ance among threads within one block. So all the threads in
one block will wait for the thread which is assignedto the
longest row in this block. To optimize this method, Bell and
Garland [3, 4] developed the CSR-vector format, in which a
warp of 32 threads are assignedto work on each row. This
strategy only helps the rows with more than 32 non-zeros,
but most of the nodesin power-law graphs have degreelower
than 32. The computation resourcesof the warps assigned
to such rows will therefore be wasted. Baskaran and Bor-
dawekar [2] further optimized the CSR-vector format by us-
ing a half warp for eac row to improve global memory ac-
cesses,and also a padding technique is used to ensure the
memory requestsare fully coalesced.

Besidesthe CSR format, the coordinate (COO) and ell-
pack (ELL) formats are also usedin Bell's SpMV kernel. In
COO format, all the non-zerosin matrix A are combined
in a long vector grouped by row index, and the kernel rst
computes the multiplication of eadh non-zeroswith the cor-
responding elemerts of vector x in the rst pass;then the
segmerted reduction of the rows is done on this long vector
by thread warps. In the reduction phase, becausethe length
of eadh row is not necessarya multiple of warp size, synchro-
nization points are heavily usedand warp thread divergence
is frequent. However, the COO kernel is the most insensi-
tive to variable row length in the matrix according to the
previous study [3]. The ELL format requires the number of
non-zeroson ead row is bounded by some small number k,
so that the matrix A can be represerted by a densen by
k matrix M, in which only non-zerosin A are stored, and
the corresponding column indices of these non-zerosare also
stored in a separate matrix. In the ELL kernel, M is stored
in column major, and the thread assignedto ead row can
accesgglobal memory very e cien tly. In M, zerosare added
to rows with fewer than k non-zeros, so k cannot be large,
otherwise it will intro duce large overheadto accessthese ze-



ros. The ELL format cannot be directly applied to graph
mining algorithms, where the node degreein the graph can-
not be bounded by a small number k. However, ELL and
COO format can be mixed together to represert a matrix,
where the rst k non-zeros of eacd row are stored in ELL
format and the others are stored in COO format. This is
the hybrid (HYB) kernel of NVIDIA's SpMV Library [3, 4].
There are two other formats in NVIDIA's SpMV Library [3,
4]. The diagonal (DIA) format is only applicable to ma-
trices in which all non-zeros fall into a band around the
diagonal. The packet (PKT) format rst usesMetis [14] to
cluster non-zerosinto densesub-blocks, then a sub-block is
loaded into shared memory and processedby a thread block
as a dense sub-matrix. Choi et al [9] propose blocked ell-
pack format in which the non-zerosare stored in xed size
blocks rst and the blocks are indexed with similar method
in ELL format. Blocking techniques [27, 28] will gain local-
ity when accessingvector x and reduce loop overhead when
computing matrix indices; but it will also introduce mem-
ory overheadif the small blocks cannot be lled with enough
non-zero elemerts.

Becauseof the imp ortance of the SpMV kernel, researters
have put substantial e orts on optimization techniques over
various architectures and platforms. Vuduc et al [33, 32, 16]
study optimizations and performance auto-tuning in single
core CPUs over the Sparsity framework [12]; Nishtala [22]
provides detailed researd about how blocking can benet
SpMV kernel over CPU. Williams [34] comparesSpMV ker-
nels on emerging multicore platforms, including multicore
CPUs and the Cell Broadband platform. Blelloch [5, 6]
studies sparsematrix computation on vector machines. Sen-
gupta [29] develops e cien t segmerted scan primitiv es for
GPUs, which can be usedin the reduction step of COO ker-
nel. NVIDIA's SpMV library implements a more e cien t
segmeried reduction than segmered scan. Recert work by
Kang et. al. [13] employs the MapReduce [11] framework
to implement iterativ e SpMV kernel based on Hadoop, an
open sourceversion of MapReduce, and performs large-scale
graph mining over this platform.

A large class of graph mining algorithms leverage the
SpMV kernel iterativ ely to perform computation until the
algorithms converge, e.g. PageRank [7, 25], HITS [15] and
Random Walk with Restart [26, 30, 31]. These algorithms
rst transform the adjacency matrix of a graph and then
operate on the transformed matrix. The graph dataset used
by these algorithms usually have strong power-law proper-
ties, hence the number of non-zeroson ead row or column
of the corresponding matrix will follow a power-law distri-
bution. The skewnessof the distribution leadsto poor load
balancing and low memory accesse ciency on GPU.

3. METHODS

In this section we presert our optimization techniques for
SpMV kernel on matrices represerting power-law graphs.
Our optimizations are basedon a serie of obsenations from
benchmarking results which demonstrate the limitations of
previous work on matrices represerting power-law graphs.
We propose corresponding solutions that target these limi-
tations and improve the performance.

The SpMV kernel is a bandwidth limited problem since
the oating point operations per memory accesss low. When
computing a vector y as the product of a sparsematrix A
and a vector x, the global memory accessedo matrix A has

been optimized to be fully coalescedin NVIDIA's SpMV
library. But the accessedo vector x have never been opti-
mized in previous work on the GPUs. Also the only reuse
possibility in SpMV problem comesfrom the reuse of vector
X.

Observ ation 1: Each row accesses random elemen ts
in vector x.

In the adjacency matrix of a power-law graph, the column
indices of the non-zeroson ead row are not contin uous, and
are relatively random, which leads to non-coalescedmem-
ory addresseswhen accessingx. Previous work [3, 4, 2] has
bound the entire vector x to the texture memory and utilize
the cache of texture memory to improve the locality when
accessingx. But the dimension of matrix A is much larger
than the size of the texture cache. When a cache miss hap-
pens, the pre-fetched cache content will be kicked out of
the cache. A cache miss will reduce the memory bandwidth
utilization due to the long latency of non-coalescedglobal
memory accesses.

Solution 1: Tiling matrix A and vector x with tex-
ture cache.

Tiling is a cade-basedoptimization for matrix and vec-
tor multiplications [12]. Suppose we divide matrix A into
xed width tiles by column index and segmern vector x cor-
respondingly, so that ead tile of A only needsto access
one segmert of x. If one segmen of x can t in the tex-
ture cace, once the elemerts are fetched into cade, none
of them will be kicked out until the computation of this tile
nishes. Therefore, we can get maximum reuse of x.

The texture cadhe sizeis a key factor in determining the
width of the tiles. We conducted a benchmarking experi-
ment to estimate the texture cade size (since this is not
provided to us by the manufacturer) on our Tesla C1060
GPU. We use a large sparse matrix and multiply it with a
vector. The column indices are mod-ed by tile width, soall
accesseso vector x are mapped into onetile. We changethe
tile width from 100, 000to 1000 and run this multiplication
with NVIDIA's SpMV library. The performance improves
most signi cantly when tile width = 64; 000, corresponding
to 250KB of cadche size. Soour tile width is xed to 64;000
columns.

The performance of tiling the entire matrix A and vector
x is still low. Since we divide all the columns of matrix A
into tiles, there could be too many tiles when the matrix is
large. Each tile needsto add its partial result to the nal
result y. Rows in ead tile may becomeempty after tiling
partition, this leads to non-coalescedmemory accessto y
becausewe only needto write the result of non-empty rows
back. To make the performance even lower, the write-back
result of onetile hasto be visible to the next tile before the
next tile can start; otherwise, memory read-after-write con-
icts could happen. To avoid memory con icts, we restart
a CUDA kernel for ead tile, which also causesan overhead.
Therefore, tiling all the columns of the matrix A fails to
improve the performance of the SpMV kernel.

Observ ation 2: Column lengths are power-law dis-
tribution.

Basedon this obsenation, we want to tile the matrix more
e cien tly and e ectiv ely. Supposea matrix is the adjacency
matrix of a power-law graph, the number of non-zerosin the
columns of the matrix will follow a power-law distribution.
Sothere are large number of columns with few non-zerosin
them. In tiles containing such columns, we cannot get much



reuse of vector x, but we still needto restart large number
of kernelsto compute them and aord the overheads.
Solution 2: Reorder columns by column lengths and
partially tile A.

Our ideaisto rst reorder the matrix columns by decreas-
ing order of the number of non-zerosin each column. We
candivide the reordered matrix into two sub-matrices by set-
ting a threshold of column length. One denser sub-matrix
formed by long columns contains more non-zero elemerts
and fewer columns; the other sparser sub-matrix formed by
short columns contains fewer non-zero elemerts and more
columns. The denser sub-matrix contains a lot more non-
zero elemerts than the sparser sub-matrix. According to
Amdahl's law [1], the overall performance of the SpMV ker-
nel will be improved if the computation in the denser sub-
matrix can be nished e cien tly, becausethe denser sub-
matrix requires much more computation time in the kernel
than the sparser sub-matrix. Now we can tile the denser
sub-matrix with texture cache. The non-zero elemerts are
concertrated in small number of tiles so that we can still
gain the bene ts from x vector caching as well as avoid the
overhead of initializing too many tiles.

Figure 2 illustrates the above transformation procedure
on a small sparsematrix. Figure 2(a) is the original matrix;
Figure 2(b) reordersthe columns of the matrix in decreasing
order of column length. In this example, we set the column
length threshold to 2. Columns with more than or equal
to 2 non-zero elemerts will be placed in the denser sub-
matrix; the other columns with only 1 non-zero elemerts
will be placed together in the sparser sub-matrix. Suppose
the texture cadhe can only hold 2 oating point numbersin
this example, the densersub-matrix with 4 columns will be
partitioned into 2 tiles as shown in Figure 2(c).

Amongst all the kernelsin NVIDIA's SpMV library, HYB
and COOQO perform best on matrix with power-law property.
The computation in the sparser matrix is run under the
HYB kernel in NVIDIA's SpMV library, becauseHYB has
the best performance. The computation within ead tile of
the denser matrix will be performed using NVIDIA's COO
kernel. The resulting vector y from the denserand sparser
sub-matrix will be combined to compute the nal result.
Observ ation 3: Within each tile, performance of
COO kernel is limited by thread div ergence and se-
rialization.

When computing ead tile, the COO kernel cannot uti-
lize the massiwe thread level parallelism in CUDA e cien tly
although it is more e cien t than the CSR-vector and ELL
kernel on such data. In the COO kernel, the inputs are
three arrays storing the row indices, column indices and val-
ues of non-zero elemerts in the matrix. These three arrays
are all divided into equal length intervals. Each interval is
assignedto one warp. Note that this partition only equally
distributes workload to warps, it does not consider that a
row may crossthe boundary betweentwo warps. A warp of
threads iterate over an interval in a strided fashion. Here
stride size equals warp size, a thread within a warp only
works on one non-zero elemert in one stride. A thread rst
fetchesthe value in the x vector basedon the column index,
and then multiplies the x value with the non-zero elemert
in matrix A and storesthe result in a shared memory space
resened for it. The next step is the sum reduction of the
multiplication results within one stride. A binary reduction
operation is performed within athread warp. But one stride

can contain non-zerosfrom more than one rows. When the
reduction operation tries to add two operands, it hasto rst
ched whether the two operands are from the samerow in
the original matrix. If not, this warp of threads will be seri-
alized dueto the thread divergence. This leadsto low thread
level parallelism in the COO kernel.

Observ ation 4: Within each tile, performances of
CSR-v ector and ELL kernel are limited by im bal-
anced workload.

The CSR-vector kernel performs the best when the rows
of a matrix are long and with similar length. Non-zerosare
stored in row major in CSR format. CSR-vector kernel as-
signsone thread warp on onerow. The thread warp iterates
on the row with stride sizethe sameas warp size, and per-
forms multiplication and summation operations. After the
last iteration on this row, the threads in a warp perform a
binary reduction to obtain the nal result of this row. In all
the summation and reduction operations in CSR-vector ker-
nel, the threads within a warp do not needto chedk whether
two operands are from the samerow. However, CSR-vector
kernel is the most e cien t only when rows have more than a
warp of non-zerosand the number of non-zerosis an integer
multiple of warp size.

The ELL kernel achieves best performance if there are
large number of rows in the sparsematrix and they have sim-
ilar length. In the ELL format, all rows havethe samelength
and 0 are padded to rows shorter than this length. The
non-zeros are stored in column major. A warp of threads
are assignedto work on 32 consecutive rows, ead thread
works on the multiplication and reduction of one row. The
threads within one warp iterate over the columns e cien tly
with hardware synchronization.

Observ ation 5: Row lengths in each tile follo w power-
law.

Due to the scale-free property of power-law graphs, we
obsere that after tiling, the row length within a tile also
follows a power-law distribution. We proposeto leverage
this fact via a novel storage format of matrix A within one
tile to further improve the e ciency of SpMV kernel.
Solution 3: Comp osite tile storage scheme.

Our composite row and column storage scheme combines
the CSR and ELL packing schemeasfollows. Our algorithm
starts with the ranking of the row length from high to low.
A workload sizeis de ned asthe total number of non-zeros
in the longest row or sewral long rows at the top of the
ranking, depending on the dataset. Then rows in a tile will
be partitioned into approximately balanced workload. This
can be implemented by traversing the row length ranking
from top to bottom. A new row is packed into a workload
until it exceedsthe workload size, then a new workload is
initialized. Each workload can be viewed as a rectangle area
in the tile, where the width w is de ned asthe length of the
rst row (the longestrow in this workload) in the rectangle
and the height h is de ned as the number of rows in this
workload. If w h, this workload will be stored in row ma-
jor in global memory and computed by CSR-vector kernel;
otherwise, it will be stored in column major and computed
by ELL kernel. Note that if a workload is stored in row
major, all rows will be padded to the samelength asw with
0; and O will also be padded to ensurethat w (or h) is an
integer multiple of warp size when a workload is stored in
row (or column) major. After the above partition and trans-
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Figure 3: Comp osite storage of one matrix tile

Figure 3 illustrates how tile 0 from Figure 2(c) is trans-
formed in our composite storage scheme on a ctitious ar-
chitecture with two threads per warp. The rows in tile 0
are rst reordered by row length. Supposewe set the work-
load sizeto be 4. The rst two rows are packed into the
rst workload, stored in row major and assignedto warp 0
for computation. The two threads in warp 0 rst do mul-
tiplication and reduction on row 0 using CSR-vector kernel
and move to row 1 together. The next two rows are packed
together, stored and computed in the sameway by warp 1.
The remaining four single elemert rows are stored in column
major and computed by warp 2. The two threads in warp
2 start from the rst two rows vertically using ELL kernel
and then move to the last two rows.

Sorting Cost: In our tiling and composite storage opti-
mizations, sorting is usedto re-structure the original matrix
to improve memory accesdocality and kernel e ciency . The
cost of sorting columns, and the cost of sorting rows within a
tile is relativ ely cheap when the corresponding distributions

follow a power-law. Becauseof the power-law distribution,

large number of the row and column lengths can be bounded
by some small number k. They correspond to the long tail
of the power law distribution. These rows or columns can
be sorted by counting sort in linear time [10]. The number
of remaining rows or columns is very small. They can be
sorted very quickly. Moreover, we only needto perform sort-
ing once as data preprocessing. In power method where the

(b) Reorder columns by decreasingor-
der of column length

(c) Tiling the rst 4 columns.

e example of tiling

SpMV kernel is called iterativ ely until the result converges,
the cost of sorting can be amortized by the iterations.

4. EXPERIMENTS

In this section we begin by describing the datasets usedin
our evaluation and the con guration of our hardware plat-
form.

Datasets : In our experiments, we use four web-based
graph datasets. The four graph datasets are user link rela-
tionship graphs from Flickr, LiveJournal and Youtubeand a
webpagelink relationship graph from Wikip edia[19, 18]. All
graphs exhibit power-law characteristics. Details of these
graphs (represerted in an adjacency matrix) and matrices
are shown in Table 1. In the four graph datasets, the num-
ber of non-zeros (NNZ) is the number of directed links and
the number of rows (or columns) is the number of nodesin
the graphs.

Hardw are con guration : All CPU results are reported
on a single processorof a dual core Opteron X2 2218 system
running at 2.6 GHz and with 8 GB of 667 MHz DDR2 main
memory. The machine is also equipped with two NVIDIA
TeslaC1060 GPUs. Each GPU has 30 multipro cessorswith
240 processingcoresand 4 GB of global memory. All GPU
experiments are reported on a single GPU. The host code
is complied with the gcc compiler version 4.1.2. The device
code is compiled with CUDA version 2.3.

4.1 SparseMatrix and Vector Multiplication
kernel

In this section, we compare a CPU-based implementation
of the CSR kernel, all six kernels from NVIDIA's SpMV li-
brary, Baskaran and Bordawekar's optimized CSR kernel(BSK
& BDW CSR) and our two optimized kernels (TILE-COO
and TILE-COMPOSITE) onthe matrix datasetsin Table 1.
We report the speedof execution in GFLOPS determined by
dividing the number of arithmetic operations, which is twice
the number of non-zerosin the matrix, by the running time.
The running time is averagedover 500 iterations. Since the
SpMV kernel is a bandwidth limited problem, we also re-
port the e ective bandwidth utilization of ead kernel in
GBY/s, which is the total number of bytes read and written
by the kernel divided by the running time. Note that dier-
ent storage formats havetheir own auxiliary indicesand data
structures. Thesedata structures are counted into the e ec-
tive memory accessesAll kernelsare run in single precision
(32-bit). Binding the entire vector x to texture cadhe per-



Matrix Rows  Columns NNZ NNz/Row Power-law?

Flickr 1,715,255 1,715,255 22,613,981 13.2 Yes

LiveJournal 5,204,176 5,204,176 77,402,652 14.9 Yes

Wikip edia 1,870,709 1,870,709 39,953,145 21.4 Yes

Youtube 1,138,499 1,138,499 4,945,382 4.3 Yes

Table 1: Matrix and Graph Datasets
forms consistertly better than not binding in all NVIDIA's Sl‘raﬁh 23?9”;’4 i:é)é)s 1H5Y959 T|LE-C(3%5 TILE-Coglgo
' ICKr . . . . .

Eval kernels [3, 4]| and Bas"ﬁra” apd Borda""fe"ﬁrs CkSR Livelounal  822.89 61.94 55.69 37.46 34.42
ernel [2]. Sowe only report the performance of these ker- Wikip edia  5211.91 299.86 283.40 176.08 163.41
nels with texture cacdhe binding. We use 256 threads per Youtub e 11.81 0.72 0.66 0.68 0.65

thread block. This setting is default in NVIDIA's SpMV Ii-
brary. Under this setting, there are enough number of warps
in each thread block to hide the memory latency and the
multipro cessorscan be fully utilized by thread blocks. In
our tiling method, we have to decide a threshold to decide
how many columns are placed in the denser sub-matrix to
betiled (the width of ead tile is predetermined by the size
of the texture cache and corresponded to 64K columns). We
typically found for the larger graphs 9 or 10 tiles were ben-
e cial while for the smaller unstructured matrix and for the
Youtub e dataset 1 or 2 tiles were optimal.

The performance of the SpMV kernels on matrices repre-
serting power-law graphs are shown in Figure 4.

Performance on power-la w matrices : We do not re-
port performance on the PKT kernel on these datasets since
the partition step within this kernel does not produce bal-
anced enough packets and leadsto kernel failure. Our tiling
and tiling with composite storage methods clearly domi-
nate the other kernelson the Flickr, LiveJournal, Wikip edia
datasets. Our tiling with composite kernel has an average
1.75x speedup over NVIDIA's best kernel { the HYB kernel
on these datasets. On the Youtub e dataset, the smallest of
our graph datasets, NVIDIA's COO and HYB kernel per-
form closeto our optimizations, tiling with composite stor-
age runs marginally (4:5%) faster than HYB kernel. From
Table 1, we can seethe numbers of rows and columns are
low in the Youtub e matrices, and also the numbers of non-
zeros per row and column are low. These properties of the
Youtub e matrix hide the advantages of our optimizations
for the following reasons. First, there is little reuseof vector
x if non-zerosper column is low. This leadsto low benet
from our tiling optimization. Second, when the number of
columns is small, COO and HYB kernel have better prob-
ability of cache hits when they bind the entire vector x to
texture cadhe. Third, the total number of non-zerosin atile
is low so our composite storage scheme will pad more zeros
and causememory accessoverhead.

Comparison with CPU SpMV : Previous works [3, 4,
9] have already illustrated the bene ts of GPU vs CPU. Our
main point is to demonstrate the benets of our approach
over other GPU-based work on power-law graph problems.
The CPU results are included for the completenessof our
evaluation. We implemented the SpMV kernel with CSR
format onthe CPU. CSR format is the most e cien t on CPU
among di eren t sparsematrix formats. We ran experiments
with the CPU kernel on all datasets in Table 1. The GPU
kernelssigni cantly outperform the CPU kernelin almost all
settings. GPU CSR kernelis the slowestkernelon GPU. The
GPU kernels perform dominantly faster than CPU kernel in

Table 2: Total
onds)

running time of PageRank (in sec-

all the other formats with speedupsranging from 2.05x to
37.31x.

4.2 DataMining Applicationson Graph Datasets

In this section, we describe the three data mining algo-
rithms which can be written in the form of matrix-v ector
multiplication.  These algorithms essetially compute the
power method for di eren t matrices related to the link struc-
ture of the graphs. Within oneiteration of the power method,
the running time is dominated by the time required to com-
pute the matrix-v ector product. These algorithms usually
operate on large power-law graphs. Hencethey can be sped
up using our sparsematrix represertation and computed by
our SpMV Kkernels.

In the following sections, we shov how we can use the
SpMV kernel as a key subroutine to implement three im-
portant graph mining algorithms: PageRank, Random Walk
with Restart (RWR) and HITS. We implement these algo-
rithms using 4 GPU SpMV kernels: COO, HYB, TILE-
COO, and TILE-Comp osite kernels. These 4 kernels are
generally the top four kernels from the experimental results
in the previous section. At the end of ead iteration in
PageRank, RWR and HITS, a convergencecriterion needs
to be chedked. CUDA SDK [24] provides a conveniernt paral-
lel reduction primitiv e to perform this task. We choosethe
fastest parallel reduction kernel from CUDA SDK in our
implementation of all the algorithms.

PageRank : The PageRank algorithm models the link
structure of web graphs by the random walk behavior of a
random surfer [7, 25]. The web graph can be represened by
a directed graph G = (V;E), where V is a set of n vertices
and E is the set of directed edges. The adjacency matrix
A is dened as A(u;v) = 1 if edge(u;v) 2 E; otherwise,
A(u;v) = 0. Matrix W denotesthe row normalized matrix
of A. The PageRank vector p is computed iterativ ely using
the following equation until it converges:

c)p? 1)

where c is a damping factor (set to 0:85 in our experiment),
p@ is initialized as a n by 1 vector with all elemerts set
to 1=n. We run Equation 1 iterativ ely with the correspond-
ing SpMV kernel and ched whether p convergesat the end
of ead iteration. The speed and bandwidth performance
of PageRank implementations basedon the four kernels are
shown in Figure 5(a) and Figure 6(a). The total running

pk* D = cwTp® 4 (1
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time on eac graph is shown in Table 2 in comparison to
a corresponding CPU implementation of PageRank. Our
optimized TILE-COO and TILE-Comp osite kernel achieves
about 2x speedup over COO and HYB kernel on Flickr,
LiveJournal and Wikip edia graphs. The four kernels per-
form roughly the same on Youtube graph (reasons noted
earlier). Compared with the CPU PageRank, all GPU im-
plementations achieve between 13x and 31x speedup. The
performance improvemert comes from two parts: the fast
SpMV kernel and the fast reduction operation for checking
convergence.

Random Walk with Restart : Random Walk with Restart
(RWR) is a algorithm that tries to measurethe relevancebe-
tweentwo nodesin a undirected graph [26, 30, 31]. Given a
query node i in the graph, the relevance scorefrom all other
nodes to node i forms a vector r;. In RWR, vector 1; is
computed by the following equation:

T = ewh W+ 1 e ©)

where c is a restart probabilit y parameter (set to 0:9 in our
expelriment), W is the column normalized adjacency matrix
and & is a vector whosei™ elemert is 1 and all the other
elemerts are 0. Vector r; can be computed using the power
method. In ead iteration, there is a matrix-v ector mul-
tiplication followed by a vector addition and a convergence
chedking operation. In our implementation, we usethe GPU
SpMV kernels for matrix-v ector multiplication, and GPU
parallel reduction for cheding convergencein the same way
as PageRank. An e cien t vector addition kernel is also im-
plemented by assigning one GPU thread to compute one
elemert in the resulting vector. Note that RWR is an in-
teractiv e application, we randomly select 25 query nodesin
our experiment and the performance is reported by averag-
ing (arithmetic mean) the result of each query. The number
of computations per iteration is the sameno matter which
node is selected as query, so the experiment results of the
randomly selected 25 query nodes can re ect the speed of
dierent SpMV kernels. Since RWR operates on undirected
graphs, we treat ead link in our directed graph datasets
as an undirected link in our experiments. The speed and
bandwidth performance of RWR implementations on four
graph datasets basedon four GPU SpMV kernels are shown
in Figure 5(b) and Figure 6(b). The total running time is
listed in Table 3. We obsene similar performance results
asin the caseof PageRank. Our optimized TILE-COO and
Tile-Comp osite kernelsare 1.5x to 2.0x as fast as COO and
HYB kernels on Flickr, LiveJournal and Wikip edia graphs.
The four kernels perform about the sameon Youtub e graph.
All GPU implementations are 13x to 37x faster than CPU
implementation. The best speedupis achieved by our TILE-
Composite kernel on Wikip edia graph.
HITS : HITS isalink analysisalgorithm of web pages[15].
It givesead web pagetwo attributes: authorit y and hub. It
rates web pagesby assigning authorit y scoreand hub score
to each web page. Let matrix A be the adjacency matrix of
a directed graph G = (V;E) or G may be a query specic
subgraph of the whole web graph Then the authorit y score
vector ‘a and hub scorevector h are recursively de ned as
g (k) = AT !h(k) !h("”) = Ala® (3)

This recursive de nition with two matrix-v ector products

can be rewritten asone matrix and vector multiplication by
! (k+1)

a 0 AT Ea () @
h - A O h

The power method can be used to solve this eigen vector

problem. Elements in 'a© and h© vectors are all ini-
tialized to 15jVj. In ead iteration, a 2jVj by 2jVj matrix

in Equation 4 is multiplied by a vector combined with ‘a
and 'h. Then the rst and secondhalf of the resulting vec-
tor are normalized to sum to 1 separately. Each normal-
ization requires a reduction operation on the vector and a
division of the vector by a constant. A convergenceched is
also neededat the end of ead iteration. Each iteration of
our HITS implementation involvesone SpMV kernel, three
parallel reduction kernels (two for normalization and one
for convergenceched) and two vector division by constant
kernels. The vector division by constant kernel can be im-
plemented very e cien tly in the sameway as vector addi-
tion. On our implementation of the HITS algorithm we com-
pare the performance of our four GPU SpMV kernelson the
four graph datasets. The speedand bandwidth performance
are shown in Figure 5(c) and Figure 6(c). Our TILE-COO

and TILE-Comp osite kernels perform better than COO and
HYB kernels in all four datasets. On Flickr, LiveJournal
and Wikip edia, the speedupsare similar to those observed
in PageRank and RWR algorithms. On Youtube, our op-
timizations are actually a bit faster when compared to the
NVIDIA kernelsin spite of the relatively small size of the
dataset. Combining the two matrices into one in the HITS
algorithm results in a larger and sparser matrix making it
more amenableto our optimizations. The total running time
comparedwith CPU implementation is listed in Table 4. We
obsene a 11x to 28x speedup of the GPU implementations
over the corresponding CPU implementation.

5. CONCLUSIONS

In this paper, we proposed architecture conscious opti-
mizations for the sparse matrix-v ector multiply kernel on
GPUs and studied the implications of this e ort for graph
mining algorithms. Our optimizations take into accourt
both the architecture features of GPUs and the characteris-
tics of graph mining applications. Our tiling approach uti-
lizes the texture cache on GPUs in a more ecien t way
than previous work and provides much better memory lo-
cality. Our tiling with composite represertation leverages
the power-law characteristics of large graphs in graph min-
ing problems. We have obtained signi cant performanceim-
provemert over the state-of-the-art on such graph basedma-
trix datasets. We also presert empirical evaluations of ap-
plying our optimizations to PageRank, Random Walk with
Restart and HITS algorithms.

We plan to propose auto-tuning method to provide op-
timal performance based on the distribution of non-zeros
in the dataset. We also intend to leverage blocking and
loop unrolling techniques to improve the performance fur-
ther. Our approaches can also be extended to distributed
systemswhere GPUs are installed on multiple machines.
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